Mirror skin effect and its electric circuit simulation by Yoshida, Tsuneya et al.
Mirror skin effect and its electric circuit simulation
Tsuneya Yoshida,1 Tomonari Mizoguchi,1 and Yasuhiro Hatsugai1
1Department of Physics, University of Tsukuba, Ibaraki 305-8571, Japan
(Dated: May 29, 2020)
We analyze impacts of crystalline symmetry on the non-Hermitian skin effects. Focusing on mirror
symmetry, we propose a novel type of skin effects, a mirror skin effect, which results in significant
dependence of energy spectrum on the boundary condition only for the mirror invariant line in the
two-dimensional Brillouin zone. This effect arises from the topological properties characterized by
a mirror winding number. We further reveal that the mirror skin effect can be observed for an elec-
tric circuit composed of negative impedance converters with current inversion where switching the
boundary condition significantly changes the admittance eigenvalues only along the mirror invariant
lines. Furthermore, we demonstrate that extensive localization of the eigenstates for each mirror
sector results in an anomalous voltage response.
Introduction.– Topological properties [1–3] of the sys-
tems have become a central issue in condensed mat-
ter systems because of their remarkable ubiquity. The
topological phenomena can be observed even for clas-
sical systems (e.g., photonic systems [4–6], mechani-
cal systems [7–11], electric circuits [12, 13] etc.), which
are mathematically described by an eigenvalue problem.
Among the extensive studies of the topological physics,
one of the significant progresses is the discovery of the
topological crystalline insulators [14–17] which has elu-
cidated that the topological properties can be enriched
by the crystalline symmetry [18–27]. A prime example
of the topological crystalline insulators is SnTe [16, 17]
where the mirror Chern number topologically protects
two surface Dirac cones.
Along with the above significant progresses, non-
Hermitian topological systems have been extensively
studied, which has discovered a variety of novel phenom-
ena [28–45]. An important difference of non-Hermitian
topological systems is that there exist two types of
gaps [46], a line gap [47, 48] and a point gap [49, 50].
The line gap topology indicates the presence of the Her-
mitian counterpart. The point gap topology protects the
non-Hermitian band touching in the bulk [51–59], such as
exceptional points etc. Other unique phenomena induced
by the non-Hermiticity, on which we focus in this pa-
per, can be observed for the system with boundaries [60–
68]. In particular, it has been elucidated that the non-
Hermitian skin effect is induced by the nontrivial point
gap topology; the winding number characterizes the non-
Hermitian skin effect of class A (no symmetry) [69–71].
The mathematically rigorous proof of the above relation
has been obtained in Ref. 71 for class A. In addition,
the Z2 skin effect with time-reversal symmetry has been
proposed [71].
The above progresses for Hermitian and non-Hermitian
systems lead us to the following issue: understanding im-
pacts of crystalline symmetry on non-Hermitian topolog-
ical properties. This issue is crucial because a variety
of novel topological phenomena are expected as are the
cases for Hermitian systems. In spite of its significance,
the above issue has not been sufficiently explored. In par-
ticular, there are few works elucidating novel skin effects
induced by the crystalline topology in the bulk.
Therefore, in this paper, we analyze effects of mir-
ror symmetry on non-Hermitian skin effects, shedding
new light on the interplay between crystalline symme-
try and non-Hermitian topology. Our analysis discovers
a novel type of skin effects, a mirror skin effect, which
results in significant dependence of energy spectrum on
the boundary condition only along mirror invariant lines
in the two-dimensional Brillouin zone. Here, by en-
ergy spectrum, we denote spectrum of the non-Hermitian
Hamiltonian. We also elucidate that a mirror wind-
ing number characterizes this skin effect. We verify the
mirror skin effect by numerically diagonalizing a tight-
binding model with the mirror winding number taking
one. We note that the mirror skin effect cannot be ob-
served in the absence of mirror symmetry, meaning that
mirror symmetry is essential. Furthermore, by mak-
FIG. 1. (Color Online). Sketch of the electric circuit showing
the mirror skin effect. The blue (cyan) symbols represent neg-
ative impedance converters with current inversion connecting
intra-layer (inter-layer) nodes, respectively. We refer to up-
per (lower) layer as A (B), respectively. The black symbols
denotes capacitors. Dots represent nodes. This system pre-
serves the mirror symmetry whose mirror plane is illustrated
with the vertical yellow plane.
ing use of the ubiquity of the topological phenomenon,
we theoretically suggest that the mirror skin effect can
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2be observed for an electric circuit composed of negative
impedance converters with current inversion (see Fig. 1).
In this system, switching the boundary conditions dras-
tically changes the impedance for the mirror invariant
lines, which serves as a distinct evidence of the mirror
skin effect for the electric circuit.
Theory of mirror skin effect.– Let us first elucidate
that the topology protected by mirror symmetry induces
a novel skin effect.
For comparison, we start with a brief review of the or-
dinary skin effect for symmetry class A. Consider a two-
dimensional system under the periodic boundary condi-
tion for the x-direction which can be regarded as a set
of one-dimensional systems aligned along the x-direction
in the momentum space. When the winding number
νtot(kx) takes a finite value for the subsystem with a given
momentum kx, the skin effect occurs; the energy spec-
trum significantly changes by switching the boundary
condition for the y-direction, [i.e., the periodic bound-
ary condition (PBC) to the open boundary condition
(OBC)]. This relation can be understood with topologi-
cal deformation; each subsystem for given momentum kx
is topologically deformed into the Hatano-Nelson model
[or its variant showing a higher value of winding number
νtot(kx)] exhibiting the skin effect. The above fact indi-
cates that the ordinary skin effect of class A is induced
by the winding number νtot(kx). (For later use, we call
it total winding number.)
Now, we elucidate a novel skin effect whose topological
properties are protected by mirror symmetry; in contrast
to the ordinary skin effect mentioned above, the mirror
skin effect elucidated below occurs even when the total
winding number is zero for arbitrary momenta kx. We
call this skin effect mirror skin effect. In the rest of this
paper, we assume νtot(kx) = 0 unless otherwise stated.
Firstly, we note that the presence of mirror symmetry
results in an additional topological invariant. Consider
the Hamiltonian which is invariant under applying the
mirror operator Mx;
MxH(k)M
−1
x = H(Mxk), (1a)
Mx = UmPx, (1b)
where Px flips the momentum k := (kx, ky) → Mxk :=
(−kx, ky). Um is an unitary matrix satisfying U2m = 1.
Along the mirror invariant line specified by k∗x, the
Hamiltonian can be block-diagonalized for the plus and
the minus sectors of the operator Mx. Thus, besides the
total winding number νtot, the following mirror winding
number can be defined
νM = (ν+ − ν−)/2. (2)
Here, ν±(k∗x) denotes the winding number computed with
the block-diagonalized Hamiltonian H±(k∗x, ky) for each
sector
ν±(k∗x) =
∫
dky
2pii
∂ky log det[H±(k
∗
x, ky)− Epg], (3)
where Epg is the reference energy for the point gap [72,
73]. We note that the total winding number is computed
with νtot(k
∗
x) = ν+(k
∗
x) + ν−(k
∗
x) for the mirror invariant
lines. For a nontrivial value of the winding number
ν±(k∗x), the non-Hermiticity is essential.
The mirror winding number taking a nontrivial value
results in a novel skin effect, which is a main result of this
paper; in spite of νtot = 0, the energy eigenvalues signifi-
cantly depend on the boundary condition for the mirror
invariant line in the Brillouin zone. This skin effect
should generically occur when the mirror winding num-
ber is finite because each subsector of the Hamiltonian
corresponds to the one belonging to class A which shows
the ordinary skin effect characterized by the winding
number ν±. Here, we stress that the mirror symmetry
protects the topology inducing the skin effect [74, 75].
In the following, we verify that the nontrivial topology
characterized by the mirror winding number results in the
above significant dependence by numerically analyzing a
tight-binding model. The Hamiltonian reads,
H(k) = [2t(cos kx + cos ky)− µ]ρ0 + i∆ sin kxρ3
+i∆ sin kyρ2, (4)
where ρi (i = 1, 2, 3) are the Pauli matrices and ρ0 is
the 2 × 2 identity matrix. As discussed in Sec. S1 of
the supplemental material [76], this model is related to
a Hermitian system [77]. Furthermore, as discussed
below, a system having the same topological properties
of the above model can be realized for an electric cir-
cuit. The above non-Hermitian Hamiltonian preserves
the mirror symmetry with Mx = ρ2Px. Therefore, for
k∗x = 0 or pi, the Hamiltonian can be block-diagonalized
with ρ2. For k
∗
x = 0 (k
∗
x = pi), the mirror winding num-
ber takes νM = 1 with Epg = 2t − µ (Epg = −2t − µ),
while the total winding number is zero for the arbitrary
value of kx.
In Fig. 2 the energy spectrum of the Hamiltonian (4)
is plotted for (t, µ,∆) = (1, 2, 1.8) at kx = 0, pi/6, pi/2, pi.
The data denoted with blue (orange) dots represent the
energy eigenvalues for the PBC (OBC) along the y-
direction, respectively. Figure 2(a) indicates that the
energy spectrum under the PBC form a circle enclos-
ing the origin of the complex plane which is consistent
with the relation, νM = 1 for kx = 0. Imposing the OBC
along the y-direction significantly changes the spectrum;
energy eigenvalues are aligned along the real axis (i.e.,
ImEn ∼ 0 with n = 1, 2, · · · ,dimH). This striking de-
pendence of the energy spectrum is a signal of the skin
effects. Here, we note that the mirror symmetry plays
an essential role; away from the mirror invariant line,
the spectra obtained for the two distinct boundary con-
ditions coincide with each other [see Figs. 2(b) and (c)].
At kx = pi, the mirror symmetry is preserved which again
induces the skin effect [see Fig. 2(d)].
In association with the significant change of the en-
ergy eigenvalues, the eigenvectors shows extensive local-
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FIG. 2. (Color Online). Energy spectrum of the Hamilto-
nian (4) for (t, µ,∆) = (1, 2, 1.8). Blue (orange) dots are data
obtained under the (open) periodic boundary condition for
the y-direction. For the x-direction, the periodic boundary
condition is imposed. The number of sites for the y-direction
is set to Ly = 20.
ization. Figure 3 plots amplitude of the right eigen-
vectors |〈iy|ΨnR〉|2 for kx = 0, pi/6. Here, |ΨnR〉 de-
notes the right eigenvector of the Hamiltonian (4) (i.e.,
H|ΨnR〉 = |ΨnR〉En with n = 1, · · · ,dimH), and iy la-
bels the sites along the y-direction. We note that the
eigenstates are extended in the bulk under the PBC along
the y-direction (see Sec. S2 in the supplemental mate-
rial [76]). Imposing the OBC for the y-direction results
in extensive localization of eigenstates. Figure 3(a) shows
that at the mirror invariant line kx = 0, all of the eigen-
states for the Hamiltonian H+(kx = 0) [H−(kx = 0)] are
localized around iy = 0 (iy = Ly), respectively, while
the states are extended under the PBC. The anomalous
localization under the OBC is another characteristic fea-
ture of the skin effect. We note that away from the mirror
invariant line, the states localized around each edge are
mixed and extend to the bulk [see Fig. 3(b)], which also
indicates that the mirror symmetry is essential.
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FIG. 3. (Color Online). (a) [(b)]: Amplitude of the right
eigenvectors of the Hamiltonian (4) for (t, µ,∆) = (1, 2, 1.8) at
kx = 0 (pi/6), respectively. The data are obtained under the
periodic (open) boundary condition for the x- (y-) direction,
respectively. The number of the sites along the y-direction is
set to Ly = 20.
Based on the above significant difference of energy
spectra and the eigenstates, we can conclude that a non-
trivial value of the mirror winding number νM results
in the mirror skin effect. We note that adding a
mirror-symmetry breaking term extinguishes the skin ef-
fect, which explicitly demonstrates that mirror symmetry
protects the skin effect. For further detailed numerical
analysis, see Secs. S2 and S3 of the supplemental mate-
rial [76]. We furthermore propose that this mirror skin
effect can be observed for an electric circuit composed of
negative impedance converters (see Fig. 1), the details of
which are discussed in the rest of this paper.
Mirror skin effect in an electric circuit.– Before
detailed proposal for the implementation of the circuit
showing the mirror skin effect, let us briefly review how
an electric circuit mimics a generic tight-binding Hamil-
tonian. Consider an electric circuit where the voltage
Va(ω) is applied at nodes a = 1, 2, · · · with angular fre-
quency ω. In this case, based on the Kirchhoff’s law, the
current Ib(ω) at node b is given by
Ib(ω) =
∑
a
Jba(ω)Va(ω). (5)
Thus, the admittance matrix Jba(ω) serves as a Hamil-
tonian for the corresponding tight-binding model, which
means that topological phenomena can also be observed
for electric circuits [13]. For instance, the Su-Schrieffer-
Heeger model can be realized for an electric circuit com-
posed only with capacitors and inductors. The energy
conservation of the electric circuit implies the Hermitic-
ity of the matrix Jba(ω) up to the global phase factor
i.
Now, let us discuss how to experimentally verify the
mirror skin effect for electric circuits. In order to imple-
ment a circuit showing the mirror skin effect, we need to
reproduce non-Hermitian terms of the Hamiltonian [i.e.,
the second and the third term of Eq. (4)], which can be
accomplished by employing the negative impedance con-
verters [78, 79]. Specifically, we propose that an electric
circuit shown in Fig. 1 serves as a platform of the mir-
ror skin effect. The corresponding admittance matrix is
given by (
IA(ω,k)
IB(ω,k)
)
= J(ω,k)
(
VA(ω,k)
VB(ω,k)
)
, (6a)
J(ω,k) = iω[−2C0(cos kx + cos ky)ρ0 + (4C0 + 1
ω2L0
)ρ0
+2iC1 sin kxρ3 + 2iC1 sin kyρ1], (6b)
in the momentum space. Iα(ω,k) and Vα(ω,k) (α =
A,B) denotes the Fourier transformed current and volt-
age, respectively [80, 81]. The detailed derivation of
Eq. (6) is given in Sec. S4 A of the supplemental ma-
terial [76]. This model preserves the mirror symmetry
with Mx = ρ1Px. In addition, its topology is character-
ized by the mirror winding number taking νM(k
∗
x) = −1
4(k∗x = 0, pi) for the parameter set summarized in caption
of Fig. 4. We note that the relation νtot = 0 holds for
arbitrary momentum kx. We mention here that the cir-
cuit elements of the above parameters are commercially
available. Numerical data elucidating the above topolog-
ical properties are shown in Sec. S4 B of the supplemental
material [76].
In the following, we see that the above model shows the
mirror skin effect. For the electric circuit, the skin effect
can be experimentally observed by measuring the admit-
tance eigenvalues jn with n = 1, · · · ,dimJ [i.e., eigenval-
ues of the admittance matrix (6b)]. One can access the
admittance eigenvalues by the impedance measurement
[J−1ab (ω)] [79]. When the skin effect occurs, the admit-
tance spectrum significantly depends on the boundary
condition as we have seen in Fig. 2(a). Figure 4(a)[(b)]
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FIG. 4. (Color Online). (a) [(b)]: Admittance spectrum for
each case of the boundary condition for kx = 0 (kx = pi/6),
respectively. Blue (orange) dots denote the admittance eigen-
value jn under the periodic (open) boundary condition for the
y-direction with Ly = 14. The periodic boundary condition
is imposed for the x-direction. The data are obtained for
L0 = 120µH, C0 = 47nF, C1 = 33nF, and f = 117.4kHz,
where f denotes frequency ω = 2pif . (c) [(d)]: Voltage profile
of layer A for the case where the current with plus (minus)
sector of reflection is fed. (e) Illustration of setup to observe
the anomalous voltage response with Iin = I+L. For the above
parameter sets, the fed current is Is = 0.0001A with the fed
voltage Vs = 0.002V for Cs = 0.068µF, and Ls = 27µH.
shows the admittance spectrum for kx = 0 (kx = pi/6),
respectively. For the momentum invariant line kx = 0,
the admittance spectrum significantly changes depending
on the boundary condition [see Fig. 4(a)]; the eigenval-
ues form a circle for the PBC, while they form a straight
line for the OBC. Away from the mirror invariant line,
the mirror operation is not closed for each momentum
kx, which results in the absence of the skin effect [see
Fig. 4(b)].
Extensive localized states, observed in Fig. 3(a), are
also observed through the voltage profile with the current
feed for each mirror sector. In Fig. 4(c) [(d)], we plot the
voltage profile with the current feed Iin = I+L (Iin =
I−R), respectively. Here, I+Liyα = iIsδiyLy (δαA + iδαB),
I−Liyα = iIsδiy0(δαA − iδαB), and Is = 0.0001A. Tuning
the phase of the feed current is accomplished with the
setup illustrated in Fig. 4(e). In Fig. 4(c), we observe
that the voltage response becomes large around the right
edge iy = Ly although the current is fed at the left edge
iy = 0. The essentially same result can also be observed
for the other mirror sector [see Fig. 4(d)].
The above anomalous response for the feed current
arises from the extensively localized states. Firstly, we
note that the voltage profile for inputted current can be
obtained as Va =
∑
b J
−1
ab Iinb with the impedance ma-
trix J−1ab =
∑
nRanj
−1
n L
†
nb [79, 82]. Here the matrix
R (L†) denotes the set of the right (left) eigenvectors∑
b JabRbn = Ranjn (
∑
a L
†
naJab = jnL
†
nb), respectively.
a and b detote the set of the labels iy and α = A,B.
We note that
∑
n L
†
nbI+Lb = 0 when n labels the states
for the minus sector. Thus, we can see that the only
eigenvectors for the plus sector contribute to the voltage
response. In addition, when one of the states (n = n0)
for the plus sector is dominant [83], the voltage is esti-
mated as |ViyA| ∼
∣∣∣RiyAn0j−1n0 ∑b L†n0bIinb∣∣∣. Therefore,
we observe that the extensive localized states induce the
anomalous voltage response for Iin = I+L. The anoma-
lous response shown in Fig. 4(d) can be understood in a
similar way.
The above results indicate that the mirror skin ef-
fect can be observed for the circuit shown in Fig. 1.
Specifically, by measuring the elements of the admittance
matrix in the real space and by applying the Fourier
transformation, one can experimentally observe the sig-
nificant change of admittance eigenvalues for kx = 0, pi
[Figs. 4(a) and (b)] [79, 82]. In a similar way, one can
experimentally observe the anomalous voltage response
[Figs. 4(c) and (d)] by extracting the contribution of
kx = 0, pi form data measured in the real space. We
note that it can be another approach to measure the
above quantities for the system where only a few sites
are aligned along the x-direction.
Summary.– In this paper, we have analyzed interplay
between mirror symmetry and skin effects, shedding new
light on crystalline symmetry and non-Hermitian topol-
ogy. Our analysis has clarified a novel type of skin ef-
fects, a mirror skin effect which results in the significant
dependence both of the energy spectrum and the states
on the boundary condition only along mirror invariant
5lines in the two-dimensional Brillouin zone. The topolog-
ical characterization of this skin effect can be done with
the mirror winding number. The mirror skin effect has
been verified by numerically diagonalizing a tight-binding
Hamiltonian with the mirror winding number taking one.
Here, we stress that the discovery of the skin effect pro-
tected by mirror symmetry is a key result rather than
introducing the mirror winding number.
Furthermore, we have proposed how to implement the
electric circuit for the experimental observation of the
mirror skin effect. In this system, switching the bound-
ary condition significantly changes the admittance eigen-
values, which serves as a distinct evidence of the mirror
skin effect.
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1Supplemental Materials:
Mirror skin effect and its electric circuit simulation
S1. RELATION BETWEEN A HERMITIAN SYSTEM
The model describing topological properties of the point gap can be obtained from the corresponding Hermitian
Hamiltonian with chiral symmetry. Namely, as the arbitrary Hermitian Hamiltonian H0(k) with chiral symmetry can
be written as H0(k) :=
(
0 Q(k)
Q†(k) 0
)
χ
, extracting matrix Q(k) yields the non-Hermitian Hamiltonian showing
nontrivial topological properties of the point gap.
Specifically, the Hamiltonian (4) in the main text is related with the Hermitian Hamiltonian in two dimensions
discussed in Ref. 77 whose topology is protected by mirror symmetry. The Hamiltonian for the Hermitian system
reads
H0(k) = [2t(cos kx + cos ky)− µ]σ0 ⊗ τ3 + ∆ sin kxσ0 ⊗ τ2 + ∆ sin kyσ3 ⊗ τ1, (S1)
where σ’s and τ ’s are the Pauli matrices. As well as the mirror symmetry defined as Mx = iσ1 ⊗ τ3Px, this model
also preserves the chiral symmetry with Γ = σ2 ⊗ τ1; ΓH0(k)Γ−1 = −H0(k).
Here, we choose the basis such that chiral symmetry is represented as Γ = ρ0 ⊗ χ3 where ρ’s and χ’s are the Pauli
matrices. In this basis, the Hamiltonian and the operator Mx are written as
H0(k) =
(
0 Q(k)
Q†(k) 0
)
χ
, (S2a)
Q(k) = [2t(cos kx + cos ky)− µ]ρ0 + i∆ sin kxρ3 + i∆ sin kyρ2, (S2b)
and
Mx = iρ2 ⊗ χ0Px. (S2c)
The matrix Q(k) appearing in the off-diagonal block corresponds to Hamiltonian (4) in the main text.
S2. ADDITIONAL NUMERICAL DATA OF HAMILTONIAN (4)
A. Amplitude of the right eigenstates
In Fig. 3(a), we have seen that the eigenstates |ΨnR〉 n = 1, 2, · · · are extensively localized around the boundary.
Here, we show that the boundary condition is essential for the above extensive localization.
Figure S1 plots the amplitude of the eigenstates under the PBC along the y-direction. Figure S1(a) [(b)] shows
data for kx = 0 (kx = pi/6), respectively. In these figures, we can see that the states are delocalized for the PBC.
B. Energy spectrum for several cases of the boundary conditions
Here, we show the energy spectrum obtained without applying the Fourier transformation. Directly diagonalizing
the Hamiltonian [Eq. (4) of the main text] in the real space allows us to systematically analyze the distinct cases of
the boundary conditions.
Figure S2 shows the spectrum for several cases of the boundary condition. The data for the full PBC (i.e., the
PBC both for the x- and the y-directions) are consistent with Fig. 2 in the main text. Imposing the OBC for the
y-direction yields the significant change around the real axis, which is also consistent with the data shown in Fig. 2
of the main text. As discussed in the main text, the eigenstates with these eigenvalues (i.e., ImE ∼ 0) correspond to
the anomalous localized states. Imposing the full OBC (i.e., the OBC both for the x- and the y-directions), we can
see that the eigenstates satisfying ImE ∼ 0 vanish; the spectrum with the full OBC is similar to the one with the
full PBC. A similar behavior is observed for the Z2 skin effect characterized by a two-dimensional strong topological
invariant [71], which implies that the mirror skin effect is also characterized by the strong topological invariant, i.e.,
the mirror winding number.
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FIG. S1. (Color Online). (a) [(b)]: Amplitude of the right eigenvectors of the Hamiltonian (4) in the main text for (t, µ,∆) =
(1, 2, 1.8) at kx = 0 (pi/6), respectively. The data are obtained under the PBC both for the x- and the y-directions. The number
of the sites along the y-direction is set to Ly = 20.
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FIG. S2. (Color Online). Energy spectrum for several cases of boundary conditions. Data represented with large blue (small
red) symbols are obtained by imposing the PBC (OBC) both for the x- and the y-directions, respectively. Medium orange
symbols indicate the data obtained under the PBC (OBC) for the x- (y-) direction, respectively. The data are obtained for
(t,∆, µ) = (1, 1.8, 2) and Lx = Ly = 20.
S3. NUMERICAL RESULTS FOR OTHER MODELS
In this section, we show the following facts: (i) the mirror skin effect can also be observed for a model characterized
with νM = 2; (ii) breaking the mirror symmetry extinguishes the skin effect observed for Hamiltonian (4) in the main
text.
A. Results for a system characterized with νM = 2
Firstly, we show that the mirror skin effect can also be observed for a system whose topology is characterized by
νM = 2.
Speficically, we diagonalize the following Hamiltonian:
H2(k) = [2t(cos kx + cos 2ky)− µ]ρ0 + i∆ sin kxρ3 + i∆ sin 2kyρ2. (S3)
Topological properties of this Hamiltonian are characterized by the mirror winding number νM = 2, where the mirror
operator is defined as Mx = ρ2Px.
Energy spectra obtained under the PBC for the x-direction are shown in Fig. S3. As is the case of the model (4)
in the main text, we can observe that switching the boundary condition for the y-direction results in the significant
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FIG. S3. (Color Online). Energy spectrum of the Hamiltonian (S3) for (t, µ,∆) = (1, 2, 1.8). Data represented with blue
(orange) symbols are obtained under the OBC (PBC) for the y-direction, respectively. For the x-direction, the PBC is imposed.
The number of the sites for the y-direction is set to Ly = 20.
change of the energy spectrum at kx = 0. Such a significant difference cannot be observed away from kx = 0 or pi.
Corresponding to the significant dependences of the spectrum on the boundary condition, we can also observe the
anomalous localized states only the mirror invariant momenta (see Fig. S4)
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FIG. S4. (Color Online). Amplitude of the right eigenvectors of the Hamiltonian (S3) for (t, µ,∆) = (1, 2, 1.8). The data are
obtained under the PBC (OBC) for the x- (y-) direction, respectively. The number of the sites along the y-direction is set to
Ly = 20.
The above results indicate that the mirror skin effect indeed occurs for the case of νM = 2.
B. Results for a model without mirror symmetry
Here, we demonstrate that the mirror skin effect cannot be observed once the mirror symmetry is broken.
Speficically, we diagonalize the following Hamiltonian:
Hmb(k) = H(k) +Bρ1, (S4)
with H(k) defined in Eq. (4) of the main text and B being a real number. The second term breaks the mirror
symmetry defined with Mx = ρ2Px.
The numerical data are shown in Fig. S5. This figure shows that in the presence of the symmetry-breaking term,
the significant dependence of the energy spectrum on the boundary condition cannot be observed even at kx = 0 [see
Fig. S5(a)] in contrast to the data for B = 0. Correspondingly, anomalous localized edges cannot be observed [see
Fig. S5(b)].
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FIG. S5. (Color Online). Numerical data of the model [Eq. (S4)] for (t, µ,∆, B) = (1, 2, 1.8, 0.2) and Ly = 20. In panel (a),
blue (orange) symbols represent energy spectrum obtained by imposing the PBC (OBC) for the y-direction, respectively. In
panel (b), amplitude of the right eigenvectors of the Hamiltonian Hmb is plotted. These data are obtained by imposing the
PBC for the x-direction.
S4. DETAILS OF ELECTRIC CIRCUIT
A. Derivation of Eq. (6b)
We start with explaining how the negative impedance converters with current inversion induces the non-Hermitian
terms. The element shown in Fig. S6 responses as [78, 79](
Iin
Iout
)
= iωC1
( −1 1
−1 1
)(
Vin
Vout
)
, (S5)
where the vectors
(
Iin Iout
)T
and
(
Vin Vout
)T
represent the current and the voltage illustrated in Fig. S6. C1
denotes the capacitance. This can be seen as follows. We can tune the current and voltage as shown in Fig. S6. In
this case, based on the Kirchhoff’s law, we obtain
Iin = (iωCa +R
−1
a )(Vin − Va), (S6a)
Iout = (iωCa +R
−1
a )(Vin − Va), (S6b)
Iout = iωC1(Vout − Vin), (S6c)
where Ra and Ca represent the resistance and the capacitance, respectively. Va and Ia denote the current and the
voltage as illustrated in Fig. S6, respectively. ω denotes the angular frequency. Solving these equations yields Eq. (S5).
We note that the definition of the current Iout differs from the one in Ref. 79 by the minus sign [see sentences just
below Eq. (2) of Ref. 79 and Eq. (1) in the supplemental material of Ref. 78]. Here, we note that current Iin has the
FIG. S6. (Color Online). Sketch of the circuit elements. We can tune the amplifier (denoted by triangle) so that the current
does not flow into it. Here, the voltage at each nodes is also illustrated.
5opposite sign; the ordinary capacitor responses as(
Iin
Iout
)
= iωC0
(
1 −1
−1 1
)(
Vin
Vout
)
, (S7)
with capacitance C0. The above additional sign plays an essential role in the non-Hermitian hopping.
Now, let us consider the circuit illustrated in Fig. 1. Connecting intra-layer nodes by the negative impedance
converters with current inversion [Eq. (S5)] yields
IARi = iωC1(−VARi−ex + VARi+ex), (S8a)
IBRi = −iωC1(−VBRi−ex + VBRi+ex), (S8b)
where IαRi (VαRi) denotes the current and the voltage of the node specified with α and Ri, respectively. Ri is the
position vector at site i. α = A,B specifies the layer. eµ (µ = x, y) denotes the unit vector for each direction.
Applying the Fourier transformation, we obtain(
IAk
IBk
)
= −2ωC1 sin kxρ3
(
VAk
VBk
)
, (S9)
with
Iα(ω,k) =
1√
LxLy
∑
a
eik·RaIαa(ω,k), (S10a)
Vα(ω,k) =
1√
LxLy
∑
a
eik·RaVαa(ω,k). (S10b)
Therefore, we can see that connecting intra-layer nodes by the elements defined in Eq. (S5) yields the third term of
Eq. (6b). In a similar way, we can see that connecting inter-layer nodes with the elements (S5) yields the fourth term
of Eq. (6b); in the real space, we obtain
IARi = iωC1(−VBRi−ey + VBRi+ey ), (S11a)
IBRi = iωC1(−VARi−ey + VARi+ey ), (S11b)
which yields (
IAk
IBk
)
= −2ωC1 sin kyρ1
(
VAk
VBk
)
. (S12)
Concerning the other circuit elements illustrated in Fig. 1, we obtain
IαRi = −iωC0
∑
µ=x,y
(VαRi−eµ − VαRi + VαRi−eµ − VαRi) + (iωL0)−1VαRi , (S13)
which yields
Iαk =
[−2iωC0(cos kx + cos ky − 2) + (iωL0)−1]Vαk. (S14)
Summing up the contributions [Eqs. (S9), (S12), and (S14)], we end up with the admittance matrix (6b).
B. Topological properties
Here, we confirm that topological invariants take (νtot, νM) = (0,−1) for kx = 0, pi. Firstly, we note that the winding
number for each sector [Eq. (3)] can be rewritten as
ν± =
∫
dky
2pi
∑
n
∂kyarg(E±n(ky) − Epg), (S15)
where E±n (n = 1, 2, · · · ,dimH±) denotes the eigenvalue of the non-Hermitian Hamiltonian H±.
Thus, by analyzing the momentum dependence of the argument of admittance eigenvalues, we obtain the topological
invariants νtot and νM .
In Fig. S7, the momentum dependence of the argument is plotted. Figure S7(a) indicates that the winding numbers
take (ν+, ν−) = (−1, 1) for kx = 0 with Epg = 0. In a similar way, we can confirm that the winding numbers take
(ν+, ν−) = (−1, 1) for kx = 0 with Epg = 0.2iΩ−1.
6● ● ● ● ● ● ● ● ●
● ● ● ● ●▲ ▲ ▲ ▲ ▲ ▲
▲ ▲
▲ ▲ ▲ ▲ ▲ ▲(a)
kx=0-π 0 π-1
0
1
ky
A
rg
(j n)/π ● ● ● ● ● ● ● ● ● ● ●
● ● ●▲ ▲ ▲ ▲
▲ ▲ ▲ ▲ ▲
▲ ▲ ▲ ▲
▲(b) kx=π
-π 0 π-1
0
1
ky
A
rg
(j n)/π
FIG. S7. (Color Online). (a) [(b)]: Argument of the admittance eigenvalue j(ky) for kx = 0 (kx = pi). Blue circles (orange
triangles) represent the data for the plus and minus sector of the mirror operator Mx. The data are obtained for L0 = 120µH,
C0 = 47nF, C1 = 33nF, and f = 117.4kHz, respectively.
